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We consider a stability of motion defined by a system of differential equations of perturbed 
motion of the type 

x=1 . 

where Xi*, Yi* and 2,. are holomorphic functions containing no terms of order lower than 
second in zi ,..., s,; yi ,..., y,; si ,..., s,. All roots of Eq. 1 psk - 6,,~1= 0 have, differ- 

ent from zero, negative real parts. 
Let us consider a system (0.1) with conditions 

(0.2) 

where alk are constants: ‘Pie and a,,, are holomorphic functions which vanish when xt = 
=...= 2, = 0; Pi, are linear and Qi are quadratic forms in s!,...,s; R, and R,‘are holomor- 
phic functions in zi ,..., z,; yi ,..., y,;,and <i ,..., cn, containing no terms of order lower than 

third in these variables. Stability of this system was investigated in [l]. We attempt to 
show that the unperturbed motion is unstable when X,* and Z,’ satisfy the conditions (0.2). 

Although the functions Y,* and Z,,* investi ated in [l] represent a particular form throu- 
ghout, function V proposed by the authors of [l is not a Chetaev function unless additional ‘1 
conditions are imposed on Y,* and Z, 
regates of the form 

*. Indeed, expression ([I], (2.8) ) e.g. contains agg- 

il [’ + (I - gl aik ) xkl Ril 

which include terms such as 
8. 

xi ?, !/i”i ‘i, &x:jl” (Si, piVia 2) 

Obviously, in presence of such terms, dV/dt can assume, for V > 0, values of any sign. 
It follows therefore that additional conditions must be imposed on Y,* and Z,* when choo- 
sing V according to [l], (2.5). These conditions are: 

1) Whenyi = . . . = 

2) All R, and R,’ 
y, = fr = . ..= f, = 0 then all Yi* s 0, and all Z,* F 0. 

. . ..S.. 
do not contain terms of order lower than second in yl,..., y,,, and sl, 

1. Consider a system of E s. (0.1) assuming that Xi* and Z,+ vanish when y, = . ..= 
==r; = sr I . . . = s,, = 0. 1. T is assumption does not reduce the generality of our problem 
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Let ua transform (O.l), putting 
r, = rs+ tlg (a. . .,xrn; Yr, - f -* Y,) (s=i,...,n) 

where n6 (zr ,..., z,; I/~ ,..., v,) are roots of 

PslUl -c. .** +p,,u,+zg*(rl,...,xm; y1,...,y,; u1,...,q=o 

As a result we obtain 
n 

X8’ = yi + xi, yi* = Yi zg’ = 2 P,&=k + ‘, 

i = 1,. . .*m 

k=l s=i,...,n 

where X, and Yf are the values of functions X,* aud Yf+ when 

5, = zg i us9 8. 

(1.1) 

(1.2) 

(1.3) 

a) when PI = . ..= g,n = z, = . . . = ztn :- 0 then Xi z 0. 

b) functions Y, and 2, will also vanish identically when R=...= Ym = z,=...=zn=O, 
provided that all Y! * become identically zero when vr = . . . = y, = $1 - . . . = S, = 0. 

c) if all Yr vanish when yt = . . . = y, = aI = . ..= s r=: Oand Yf does not contain 
terms of first order in gr,..., y, with zI =... = z, = 0, &en functions Z, will not contain 
terms of ffrst order in kI ,..., y, when zt - . ..= zn = 0. 

Let na now assume that Y, = 0 (i = l,...,m) with yI = . ..= yrn = 21 = . ..= a, = 0 
and, that when zr = . . . = z, 11 0, then functions Y, do not contain linear terms in yt,...,ym. 
We shall show that the unperturbed motion is unstable. 

Let ua take the Chetaev function in the form 

V = 5 “iY{ + i ZQVS (I19 . . ., z,)+ w* (21,. . ., Zll! (1.4) 
i=l s-1 

where Wftl,..., x,) is a negative definite quadratic form satisfying Eq. 

n aw 
7% 

S$j+&lsl + . - - f&m%) = sp3 

and ua are holomorphic functions of xl, . . ..s.n which become zero when zt = . . . = s, -_ 0 

and which satisfy Eqs. 

zs = 2,*(21,.. .,2,; y1,...,y,; a+ a. ..‘Z, + yJ - 
m m 

--z**(a. * .,sm; Yl, . . ..y.; wr ., . . yJ-- 2 (?&+xk& 2 Yh$ 
tS=l k k=l k 

We note that 

,i, Zt’ik + a& ng (Pas + Qak) = 0% (' = 1, . * *v '1 

in which Flk and Qek are 
8Yi 

Fik I= aa,, r;Py=O * 

% 
Qsk =Z- 

I k zsy=o 

When functions ua are chosen in this manner, then the derivative Y’ can, by virtue of the 
structure of right-hand side parts of the system (1.2), be represented by 

V’ = 5 Yi2 + i “,” + iit ~~tYiPk~i& + i 2 ‘j’a*ja+ i& i$lyizjfij 
i-1 a=1 I j=lo=l 

where Tipland ~jo ftj become zero when 
QZ.. . =r:zm=y’=‘. .=ym=Z’-_...=zn=O. 

Let us consider the region V > 0. Obviously within this region Y’ is positive and becomes 
zero only on the boundary of the region V > 0 where yr - . . = pm= zr = . . . = Z, = 0, 
Hence the unperturbed motion is unstable [a. 

Note. It can easily be shown that in this case motions st=ct(i = I,..., m), yl=.--=Yn = 
= 2, = . . . = z, = 0 will, for sufficiently small et, also be unstable. 

2. We shall now consider the case when Y, $ 0 whiieyI en . . . - y, c1 q = . ..- .sn ~0. 
Assume that when zr c . . . - z, = 0 l’t has no terms linearTin ~1, . . . y,,, and that in (1.2) 
we have 
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Y, = 5 gikzkr(k + 5 %pkfik(Xl' . . *, 
L-1 k=l k=l 

+ fl ~~~*a(~l....~~m)+k~lPLb(El~***,~~)ll+Qi(2l,.~.*zn)+ 
a-1 I 

+ Rib . . ., xm; y1,. . ., ym; 21, . * ., z*) 
n 

2, = x q%, (at . . -+ x,J + R,’ (XI.. . ., xm; YI. . . ., ym; ~1. , . ., Z,J 
am1 

(2.1) 

(i = 1, l . *, m; s = 1, * . ‘, n) 
where sIR and gik are constants; ffa, g)h and ~~,,are holomorphic functions of rt,...,xm 
vanishing when sl = . . . = x,,, - 
R 

0; Pf, are linear and Q1 are quadratic forms in tt,...,rs; 
sre holomorphic functions of *I ,..., zm; gl,. . ., y,; and 9 ,..., xm, containing no terms 

o i order lower than third in the above variables and no terms of order lower than second in 
Y,..: g,,, and tt,..., t,; R,’ sre holomorphic functions of 2, ,..., 2,; y, ,..., y, and st,..., xu, 
vanrshing when xk - & CI 2, = 0, and containing no terms linear in xl,.-., 2 when yl - 
- .** P ym = 0. We should note that if functions Y, contain e.g. terms qrfg when xt - 
f.. = z,_; 0 then functions I, may contain analogous terms when at=.,.- zn =: 0 and 
their order in Z, will be, at most, higher by one. This property of Z, follows from (1.3). 

We shall now show that the unperturbed motion is unstable, if: 
a) nonlinear functions Y, and Z, satisfy conditions (2.1) 
b) in each column of the matrix 

r11 PI‘3 * . . ‘lm 

. . . . . . . . , (2.2) 

r 

the smallest numbers rtrk( k = I,... _“: 

r ma* . * ‘mm 
are even and corresponding magnitudes gi C& are of 

the same sign, 

Let us take the Liapnnov function V of the form [I] 

’ =, k$ [’ + (F gt’k - *f$ ‘fk ) q-j yk + kiil a31 'sqks -i- 
ps P P 

(2.3) 

where $kS are functions of xt,...,z~~ which satisfy Eqs. 

(d = 1,. . ., n; k = 1, l * l , ??a) 
Cllk and Wk are linear and quadratic forms of zI,...,xa defined from Eqs. 

s-1 --s i’ SPl 
Function V of the form (2.3) satisfies the Liapnnov theorem on instability [3], therefore 

the unperturbed motion is unstable. It is also unstable if: 
a) nonlinear functions Y, and Z, satisfy the conditions (2.1); 
b) diagonal elements r 

corresponding column, an ‘a 
A of the matrix (2.2) are odd and smaller than the elements of the 
g “p > 0. 

In this case the Liapunov unction V can be written ss 

(2.4) 

where $kS are functions of q,..., s,, satisfying 
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8 
Functick?’ of the form (2.4) satisfies the cipunov theorem on instability [3], therefore 

the unperturbed motion is unstable. 
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